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Abstract 

The  aim  of  this  article  is  to  apply  some  results  of  L.  Schwartz's  theory 
of  radonifying  maps  to  prove  existence  theorems  for  infinite  dimensional  valued 
random  variables.  As  a  consequence,  we  deduce  some  known  results  in  this  di- 
rection  due  to  K.  Ito,  M.  Perez-Abreu  C. ,  and  T.  Bojdecki  and  L.G.  Gorostiza. 


1.  Preliminaries 


Before  we  state  and  prove  our  main  result,  we  need  the  following  definitions 
and  propositions  from  L.  Schwartz  [3],  in  the  Chapter  XIII,  pp.  4  and  5. 

Definition  1.  Let  (ft,F,P)  be  a  probability  space..  Let  E  be  a  locally  convex 
Hausforff  topological  vector  space  and  let  E'  be  its  dual.  Let  f  be  a  linear 
random  function  frcm  E'  to  L°(ft,F,P).  f  is  said  to  be  decomposed  if  3  a  mea¬ 
surable  mapping  $  from  ft  to  E  such  that  for  all  £e  E', 

£  °  <t>  =  f(£). 

Definition  2.  Let  E  and  G  be  two  Banach  spaces.  Let  u  be  a  continuous  linear 
mapping  of  E  in  G.  The  map  t^  :  G'  -+ Ef  is  said  to  be  p-decomposing  (0  S  p  <  <»)  if 
for  every  linear  random  function  f  :  E'  -*■  LP(ft,F,P)  ,  the  composite  f  °  ty  from  G' 
to  LP(ft,F,P)  is  decomposed  by  a  mapping  4>  from  ft  to  G,  (J>  e  LP(ft,F,P;G)  (with 
ess  sup  ||({)||  <  00  in  the  case  when  p  =  °») . 

Proposition  (XIII,  3;2).  Let  E,G  be  Banach  spaces.  Let  u  be  a  continuous 
linear  mapping  of  E  in  G.  Then  u  is  p-radonifying  (p >  0)  if  and  only  if 
tu  :  G'  -*-E'  is  p-decomposing. 

We  also  need  the  fact  that  if  T  is  a  Hilbert-Schmidt  operator  from  one 
Hilbert  space  to  another,  then  it  is  p-radonifying  for  all  p >  0.  This  is 
proved  in  Chapter  XII,  p.  2  in  [3]. 

2 .  Existence  theorem 

We  first  prove  a  simple  proposition. 

Proposition  1.  Let  and  H  be  two  Hilbert  spaces  and  let  T  be  a  Hilbert- 

Schmidt  operator  from  H^  to  H^.  Then,  T  is  p-decomposing  for  any  p>0.  Further, 

2 

if  f  is  a  continuous  linear  random  function  from  H^  to  L  (ft,F,P),  then  the 

2 

composite  f  «  T  is  decomposed  by  a  mapping  X  :  ft-+H^  such  that  Xt  L  (ft,F,P;Hj) 


with 


2 


Jllx(w)|l2dP(w)  <  !1  f  || 2  ||  t!|  2 
where  | ] T 1 1  ^  is  the  Hilbert-Schmidt  norm  of  T. 

Proof .  Since  T  is  Hilbert-Schmidt,  its  transpose  CT  from  to  is  also 

Hilbert-Schmidt.  Hence,  it  is  p-radonif ying  for  any  p >  0.  Hence,  by  the 

proposition  (XIII,  3; 2)  mentioned  above,  its  transpose  t(tT)  which  is  T  is 

p-decomposing  for  any  p >  0.  In  particular  it  is  2 -decomposing . 

2 

Let  f  be  a  continuous  linear  random  function  from  H^  to  L  (ft,  ,P).  Then 

2 

f  o  T  is  decomposed  by  a  mapping  X  :  Q->-H^  such  that  J||x(w)||  dP(w)  <  °°. 

Let  (<}>.).  T  be  an  orthonormal  basis  for  H,  .  Then,  for  all  w  £  ft, 
l  lei  1 

II  X(w)  1 1  2  =  l  |<X(w),4>  >|2  =  sup  l  |  <X(w)  ,<J) .  >  |  2 . 

iel  J  iel 

J  finite 
Jcl 

2 

As  the  family  (I.  |  <X(*)  ,<J>  .>  |  )  ,  Jcl,  J  finite,  of  functions  on  Cl,  is 

It  J  1  J 

directed  increasing,  by  Lebesgue's  monotone  convergence  theorem,  we  have 


/  ||  X(w)  ||  dP(w)  =  sup  /  £  |<X(w)  ,<$)  .>  |  dP(w) 

J  ieJ  1 

J  finite 
Jcl 


=  sup  £  J|<X(w)  |  dP (w) 

J  i  J  1 

J  finite 
JCI 


=  l  /|<X(w),<J>  >|2dP(w). 
iel  1 


As  f  °  T  is  decomposed  by  X, 


3 


<X( * )  ,4>i>  =  f(T (<)>  ))  for  all  iel. 


Hence,  for  all  iel. 


/|<X(w),(J>i>|2dP(w)  =  J|f(T(<t>.))(w)]2dP(w)  <  ||f||2||T((j)i)|!2. 


Hence, 


X  /[<X<w),«D  >|2dP(w)  <  t|f||2  l  ||  T  (4>  )  II  2  -  II  f  II  2  II  T  ||  ~  •  QED 

iel  iel 


Theorem  1.  Let  E  be  a  nuclear  space.  Let  E'  be  its  dual.  Let  $  be  a  continu¬ 
ous  positive-definite  bilinear  form  on  E.  Then,  there  exists  a  probability 
space  (Q,F,P)  and  a  random  variable  X:ft-*-E'  such  that  for  all  x  e  E,  the  real¬ 
valued  random  variable  X  defined  as  X  =  x °  X  is  Gaussian  with  mean  zero  and 

x  x 

the  covariance  kernel  of  the  process  (X  )  „  is  4>. 

X  X€  L 

Proof .  Since  $  is  a  positive-definite  kernel  on  E,  3  a  real-valued  Gaussian 
process  (X  )  on  a  probability  space  (ft,F,P)  with  mean  zero  and  with  covari- 

X  X£  fc< 

ance  kernel  <j> . 

Since  <t>  is  bilinear,  it  is  easy  to  see  that  the  mapping  f  from  E  to 

2 

L  (f2,F,P)  taking  x  to  X^  is  linear.  Further,  f  is  continuous,  as  0  is  continu¬ 
ous.  Hence,  E  being  nuclear,  3  neighborhoods  U,V  of  (0),  U,V  both  convex, 

A  A 

balanced  and  closed,  V c  u,  E^  and  E^  both  Hilbert  spaces  such  that  the  canoni¬ 
cal  map  <J>y  v  from  to  E^  is  Hilbert-Schmidt  and  such  that  f  admits  a  factor- 

izat  ion  Ui  o  $  °  0 

U  ,  V 


A 

E„ 


Xv 


->  E, 


->  L  (Q,F,P) 


4 


where  is 

,\v. 

m 

As  ^ 

*  v 

^°Vv  is 

YA 

with  || Y  || 

;•< 

i 

Let  X 

poses  ip  o  <p 

k - 


hr 


h 


ift: 

Ji  • 


m 

0 


kU,V»2* 


u,v’ 


Ku,v  Yv 


we  have  x  °  X  =  f  (x)  =  X^  as  elements  of  L°(n,F,P). 


QED 


Remark.  As  the  image  of  E  in  E^  under  the  map  c()^  is  dense,  the  transpose  map 

t  A  A 

4>v  from  E^  to  E'  is  an  injection.  Hence,  E^  can  be  thought  of  as  a  subspace 
of  E'  algebraically.  Hence,  the  E'-valued  random  variable  X  of  the  above  theo- 

A 

rem  is  actually  E^-valued. 


3 .  Application  to  known  results 

We  now  deduce  theorem  3.1  of  K.  Ito  in  [2],  concerning  the  existence  of 
regularizations,  from  our  proposition  1. 

To  deduce  this,  we  have  only  to  prove  that  tue  canonical  inclusion  from 

jt2  1/ 

'Srv4_9  to  is  Hilbert-Schmidt  with  Hilbert-Schmidt  norm  (-g-)  2 .  This  is  done 


P+2  ~P 
as  follows. 


We  consider *8  as  a  sequence  space  consisting  of  all  the  sequences  a =  (a  ) 

p  n  neH 

such  that  E  la  I  2  (2n  +  1)P  <  °°. 
n=l  n 

Let  for  all  n  e  U  ,  en  be  the  sequence  (e^1  ,e", . . . ,  e?, .  . . )  where  e?  =  6 

1  2  i  l  ni 

Then  it  is  easily  seen  that  the  sequence  (fn)  of  elements  of 'S  -  where 

ne H  p+2 

n  e11  K 

f  =  - —  is  an  orthonormal  basis  for^J 

H-nHp+2  ^ 


Now 


rU  |  |  2 


ML 

'"llp+2 


_  (2n+l)p _ 1_ 


(2n+l)P+2  (2n+l ) 2 


5 


Hence 

OO  OO  2 

n=l  r  n=l  (2n+l) 

This  shows  that  the  canonical  inclusion  from^S  to  is  Hilbert-Schmidt 

2  ,  P+2  P 

Jr  V 

with  Hilbert-Schmidt  norm  (-5-)  2 . 

O 

The  theorem  1  and  the  remark  following  it  give  immediately  as  corollary  the 

existence  for  all  t£  ]R,  of  a  4>'-valued  random  variable  (actually  a  H  random 

+  -q 

variable, q e  U,  independent  of  t)  which  is  proved  in  theorem  4.1.1  of  [4]. 

There,  (is  a  countably  Hilbert  nuclear  space. 

In  the  same  way,  the  existence  of  a  S’(]R^)  -valued  random  variable  W  ,  for 
all  tc  in  theorem  2.4  of  [1]  will  follow  provided  we  prove  the  continuity 
of  the  bilinear  form  (0 , ip)  -*•  Jq<Q^4) , ip>du  on  S(lT)  «S(R^).  This  follows  from 
the  following  proposition. 

Proposition  2.  Let  E,F  be  Frechet  spaces.  Let  for  all  ue  ]R+,  be  a  continu¬ 
ous  linear  map  from  E  to  F',  F'  being  provided  with  the  topology  o(F',F).  Let 
further,  for  all  (x,v)  cE*F,  the  function  u->-<QuX,y>  be  cadlag.  Then  for  all 
t  t  1R+,  the  bilinear  form 


(x,y)  /<Q  x, y>du 


is  continuous  on  E  *  F. 

Proof .  Since  E  and  F  are  Frechet,  to  prove  that  a  bilinear  form  is  continu¬ 
ous,  sufficient  to  prove  that  it  is  separately  continuous.  Therefore,  we 
shall  prove  that  for  all  yeF,  the  linear  mapping  x  -*■  /q<Qux,  y>du  is  continuous 
on  E.  Analogously,  it  will  follow  that  for  all  x e  E,  the  linear  map 
y  -*■  /Q<Q^x,y>du  is  continuous  on  F. 


6 


Let  v£  F  be  fixed.  Let  (x  )  ,,  be  a  sequence  of  elements  of  E  such  that 

n  neE 

x^  +  0.  Then,  for  all  u,  Osu<t,  <Q^x^  ,y>  -*■  0.  Hence  the  convergence  of  the 
integrals  /^<Qux^,y>du  to  zero  will  follow  from  the  dominated  convergence 
theorem,  in  case  we  prove  that 


sup  sup  <Q  x  ,y>  <  °°. 
neW  u  u  n 

0<u<t 

Now  for  all  u,  O^u^  t,  the  linear  map  fU  from  E  to  R  defined  as  fU(x)  = 

y  y 

<QuX,y>  is  continuous.  As  for  all  (x,y)  ,  the  real-valued  function  u-»-<Q^x,y> 

is  cadlag,  sup  |<Q  x,y>|  <  °°.  Hence,  the  family  of  linear  maps  (fU)_  is 

u  u  y  Osu<t 

0<u<t 

pointwise  bounded.  As  E  is  Frechet,  it  is  barreled  and  hence  by  the  theorem 
of  Banach-Steinhaus,  the  family  (fy)Q<u<t  is  equicontinuous .  Hence  there 
exists  a  neighborhood  U  of  (0)  such  that 


sup 
x  u 
xeU  0<u<t 


sup  | f  (x) |  <  1 , 

y 


That  is 


sup  sup  |<Q  x,y>|  <  1. 

x  u 
xeU  0<u<t 


As  x  -*•  0,  3  N  such  that  x  eU  for  all  n  ^  N. 
n  n 


Hence 


sup  sup  | <Q  x  ,y>|  < 
n  u  u  n 


ne K  0Su<t 


00 


QED 
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